Abstract: A mathematical model is proposed for a quantitative estimation of the damage to biological resources resulting from a pollutant discharge into an aqueous environment. On the basis of the Lagrangian description of fluid motion a set of hydrophysical parameters is introduced with help of which hydrobiologists can estimate the damage. The computation of parameters introduced is illustrated by the example of a model problem of a pollutant spreading in a canal. For the discretization of the problem a deformable Lagrangian grid is used. A special grid reconstruction procedure with the subsequent interpolation of the parameters computed is proposed, which ensures computational stability and preserves the values of the most important hydrophysical parameters. Numerical results are presented.
Introduction
As a result of various hydrotechnical works in reservoirs, rivers and coastal sea zones pollutants having negative impact on various groups of aquatic organisms, including food fish and benthos, are released into the aqueous medium. The problem of the assessment of the impact of these pollutants on aquatic organisms is of scientific, practical and economic interest [8] . Mathematical modeling is one of the most important means of obtaining the information about the hydrophysical characteristics of an aqueous environment needed to perform an environment impact assessment (EIA).
Performing an EIA connected with a discharge of pollutants into an aqueous environment involves two problems. The first one is the determination of the scales of the pollutant spreading. The second one is the assessment of the damage to aquatic life resulting from the contamination of the aqueous environment. The solution of the latter problem involves definition and computation of a set of hydrological parameters on the basis of which hydrobiologists can estimate the damage to biological resources.
To estimate the loss of aquatic organisms in a still fluid volume with a fixed pollutant concentration and pollutant existence time the following simple model may be used. Let V be a fixed water volume containing a pollutant with concentration greater than a fixed limit value C lim , and let T lim be the time period needed for all the organisms contained in the volume V to perish because of the pollution. Then the fraction of the initial number of aquatic organisms perishing in a time period ≤ T lim is assumed equal to /T lim . Such an approach is natural in a laboratory environment. However, in a general case, i.e., a case of a continuous pollutant discharge into a moving fluid with the velocity field varying in time and space, there are difficulties with the determination of polluted water volumes and pollution times, since different fluid volumes have different pollutant concentrations and pollutant lifetimes. In order to extend the above considerations to the general case the Lagrangian description of fluid motion [5] must be employed.
The definition of hydrophysical parameters involved in the estimation of the damage to biological resources in the above-mentioned general case is the goal of Section 2. Section 3 contains the statement of a model problem which we use to illustrate the computation of the parameters introduced, namely, the problem of a pollutant spreading in a canal. In Section 4 we describe the numerical scheme used for the solution of the problem under consideration. The numerical approximation of the problem is constructed on deformable Lagrangian grids. For overcoming difficulties arising in the computations on such grids we take advantage of a special grid reconstruction procedure with the subsequent interpolation of the parameters computed. We propose an original interpolation technique which ensures the preservation of the most important hydrophysical parameters. In Section 5 we discuss the numerical results obtained and give an analysis of the perturbances introduced in the numerical solution by the grid reconstruction procedure used.
Definition of hydrophysical parameters

Notation
Let X = (X 1 X 2 X 3 ) be the Eulerian coordinates marking fixed points of a Euclidean space, and = ( 1 2 3 ) be the Lagrangian coordinates marking individual fluid particles and being equal to the Eulerian coordinates of these particles at an initial time 0 . The connection between the Lagrangian and Eulerian coordinates of fluid particles is given by the equation, see [6] ,
where V (X ) is the velocity vector field. We use the notation C E (X ) for the pollutant concentration viewed as a function of the Eulerian coordinates and notation C L ( ) for the pollutant concentration viewed as a function of the Lagrangian coordinates,
0 denotes the domain of the Lagrangian variables (i.e., a fixed fluid volume under consideration). Let us introduce the function
where C lim is a given threshold value of the pollutant concentration. As seen from formula (1), lim ( ) is the total time of the excess of the pollutant concentration over the given threshold value in the fluid particle . Consider the following time-dependent fluid volumes:
The corresponding characteristic functions are denoted by θ ( ), = 1 2,
The quantities
will be referred to as the polluted waters volume and pollutant plume volume, respectively.
General case
For a quantitative estimation of the damage to aquatic life resulting from the contamination of an aqueous environment it is natural to use the ratio M/M 0 , where M is the mass of aquatic organisms perished in a fluid volume which was subject to the impact of pollutant with concentration greater than the specified threshold value C lim (i.e., in the volume G 1 ), and M 0 is the initial mass of aquatic organisms in this fluid volume. In order to estimate the ratio M/M 0 we divide the volume G 1 into N small parts with volumes V so that V 1 = N =1 V and, following the simple approach outlined in Section 1, assume that the portion µ of biota perished in the volume V is computed by the formula
Here is the time of the excess of pollutant concentration over the given threshold value C lim in volume V , and quantity T lim is usually known from laboratory experiments. Owing to (4) the mass M of biota perished in volume G 
where µ( ) is the portion of the biota perished in the fluid particle , which is defined in the same manner as quantities (4).
The case of relatively small pollutant impact durations
In solving many practical problems of EIA pollutant impact durations lim ( ) are usually assumed to be relatively small, i.e., the inequality lim ( ) ≤ T lim is assumed to hold for all ∈ G 0 . In such a case formula (5) takes the form
where
is the mean pollution time of fluid particles contained in the volume G 1 . Note that formula (6) for the portion of perished biota has the same form as in the simplest case described in Section 1, except for the fact that in the case under consideration this portion is evaluated on the basis of an integral characteristic of pollutant impact durations. Hence, in the case of relatively small pollutant impact durations the desired ratio M/M 0 may be evaluated in terms of quantities
Pollutant spreading in a canal
As an illustration of the computation of the hydrophysical parameters introduced consider a model problem of a pollutant spreading in a canal. To avoid well-known difficulties arising in the simulation of pollutant spreading phenomena, see, e.g., [1, 3, 4] , and focus our attention on the demonstration of the computation of the hydrophysical quantities introduced we intentionally use a simplified statement of the problem in question. The formulation of a more precise problem statement with a proper mathematical description of hydrophysical properties of the phenomenon involved is a rather complex problem by itself which lies beyond the scope of this paper. We consider the case of relatively small pollutant impact durations.
Consider a canal with a constant slope, depth H = const and width 2L = const. We seek a flow field in such a canal as the solution of shallow water problem [2] taken in the form
Here H = ς + is a full depth, is an unperturbed depth, ς is a free surface elevation, V = (U V ) is the flow velocity, ν and β denote a gravitational acceleration, a turbulent viscosity and a friction coefficient, respectively. We seek the solution (U V ) in the form
In such a case system (8) reduces to the ordinary differential equation
the solution of which yields the desired flow field in a canal:
In the case of velocity field (9) the connection between the Lagrangian coordinates = ( 1 2 ) and Eulerian coordinates X = (X 1 X 2 ) has the form
For the simulation of a pollutant spreading in a canal we use the two-dimensional transport-diffusion equation with a point source located at
where δ (X − X S ) is the delta function, K is the diffusion coefficient,
is the point source intensity, and T is the duration of a pollutant discharge. Passing to the Lagrangian coordinates 1 2 and to the new unknown function C L ( 1 2 ) in (10) we obtain the transport-diffusion equation in the Lagrangian form, ∂C
is the point source location in the Lagrangian coordinate system. Equation (11) is treated numerically in a bounded spatial domain
where L 1 and L 2 are chosen so as to ensure a sufficient distance between the pollutant source and the boundaries 1 = L 1 and 1 = L 2 during the whole period of the pollutant discharge. For the function C L we set the initial condition C L = 0 at the initial time 0 and the following boundary conditions: 
Numerical scheme
For the numerical solution of the formulated initial-boundary value problem we use a uniform rectangular grid in the domain G 0 with nodes ( 1 2 ), where 
Formula (15) implies that initial rectangular cells turn into parallelograms with time, but the area of each cell remains constant. The solution is sought at the cell centers ( are used, the superscripts corresponding to the time levels.
Taking advantage of a finite-volume spatial discretization [7] on grid (14) and a fully explicit time discretization we approximate the formulated transport-diffusion problem by the difference scheme and W +1/2 are computed by the formulas
where K α β , = 1 2, designate the grid values of the diffusion coefficients K computed by formulas (12) in the nodes with indices (α β). The derivative ∂X 1 /∂ 2 involved in (12) is approximated as follows:
According to boundary conditions (13) we set W +1/2 = 0 for = 0 and = N 2 . Functionals (3) and (7) are approximated as follows: (2),
where τ is a grid analogue of function lim ( ),
(quantities τ may be referred to as the cell pollution times).
When integrating a transport-diffusion equation by an explicit difference scheme on deforming Lagrangian grids there is a problem of maintaining computational stability, which is caused by the possibility of large deformations of the grid cells; see e.g. [9] . In the case under consideration such a deformation results in the increase of the "effective diffusion coefficient" value and, as a consequence, the need to use a very small time step size in order to get a stability condition satisfied. To remedy this defect we periodically reconstruct the moving grid (15), returning to the initial regular grid (14) and interpolating all the parameters computed from the "old" grid to a "new" one.
In view of the hydrophysical background of the problem under consideration it is natural to demand that the interpolation used preserves the value of the pollutant full mass
and the values of the grid functionals V fresh and T sum , on the basis of which the loss of aquatic organisms is estimated. To ensure the preservation of quantities M sum and T sum it suffices to interpolate the values C +1/2 +1/2 and τ in the following way. The value in a cell of the "new" grid is defined as average weighted value computed by all the cells of the "old" grid which intersect the cell under consideration, with the weighting coefficients proportional to the areas of the cells' intersections. As applied to the problem under consideration the interpolation is implemented using a simple two-step algorithm, see indicates, which part of the fluid volume contained in the corresponding Lagrangian grid cell was subject to the impact of the pollutant with the concentration above the specified limit value C lim . In Figure 2 we show the time variations of the polluted waters volume V fresh ( ) and the pollutant plume volume V plume ( ) corresponding to the limit value C lim = 600 mg/l. The figure shows that the former quantity at first monotonically increases and then, after the finish of the pollutant discharge, it stabilizes to some value. The latter quantity reaches its maximum in some time after the beginning of the pollutant discharge and then, after the finish of the discharge, it decreases and eventually vanishes. Figure 3 shows the time variation of the mean pollution time T (corresponding to the limit value C lim = 600 mg/l). This quantity changes with time in the same manner as the polluted waters volume: at first it monotonically increases and then it stabilizes.
Numerical results
Let
In view of the use of the above-mentioned grid reconstruction procedure it is of interest to investigate the pattern and the magnitude of the perturbances introduced into the numerical solution by the application of this procedure. We present here some results of the numerical investigations of these perturbances, which were obtained on the basis of the comparison of the numerical solution computed with that of the Eulerian form (10) of the corresponding transportdiffusion problem. For the approximation of the transport-diffusion problem in Eulerian form (10) a finite-volume spatial discretization and a fully explicit time discretization were used; the spatial mesh size was taken equal to that used in the numerical solution of the problem in the Lagrangian form. In Figures 4 and 5 we present the plots of the pollutant concentration in the central longitudinal section of the stream for two characteristic moments of time: immediately before the periodical grid reconstruction, Figure 4 , and immediately after the grid reconstruction, Figure 5 . These figures illustrate the fact that between two consecutive grid reconstructions the deviation of the numerical solutions is almost negligible, Figure 4 , but immediately after the grid reconstruction the deviation is considerable, Figure 5 , and reaches its maximum at some point near the maximum points of the numerical solutions (these maximum points almost coincide with the location of the pollutant source). The fall in the pollutant concentration values computed for the Lagrangian problem statement observed in the neighborhood of this point results from the "smearing" of the pollutant mass onto the neighboring grid cells in the course of the interpolation procedure. Numerical investigations show such perturbances to be rapidly vanishing with time. This fact is illustrated in Figure 6 , which shows the pollutant concentration isolines obtained in computations for the Lagrangian and Eulerian problem statements for the moment = 94 5 sec (between two successive grid reconstructions). Figure 7 shows the time variations of the maximum pollutant concentration values. The plot corresponding to the Lagrangian problem statement has a distinct saw-tooth pattern; the jumps on the plot correspond to the time moments when the grid reconstruction takes place and the moments when the pollutant source crosses the cell boundaries of the Lagrangian grid. Figure 8 shows the time variation of the pollutant full mass in the water. The plots corresponding to the Lagrangian and Eulerian problem statements coincide almost ideally. Hence, we may conclude that the perturbances introduced in the numerical solution by the grid reconstruction procedure are, in general, insignificant. 
Conclusions
In the present paper with the use of the Lagrangian approach a set of hydrological parameters is defined on the basis of which hydrobiologists can estimate the damage to aquatic life resulting from the discharge of pollutants into an aqueous environment. The computation of these parameters is illustrated by the example of a model problem of a pollutant spreading in a canal. The problem is solved numerically on a deformable Lagrangian grid. In order to ensure computational stability a special grid reconstruction procedure with the subsequent interpolation of the parameters computed was used. An original interpolation technique was proposed, which ensures the preservation of the most important hydrophysical quantities involved in the estimation of the damage to aquatic organisms. Perturbances arising in the numerical solution as a result of the grid reconstruction procedure used were investigated. The numerical results obtained show these perturbances to be insignificant.
